Abstract. Let R be a ring and Q be a finite and acyclic quiver. We present an explicit formula for the injective envelopes and projective precovers in the category Rep(Q, R) of representations of Q by left R-modules. We also extend our formula to all terms of the minimal injective resolution of RQ. Using such descriptions, we study the Auslander-Gorenstein property of path algebras. In particular, we prove that the path algebra RQ is k-Gorenstein if and only if Q = − → An and R is a k-Gorenstein ring, where n is the number of vertices of Q.
Introduction
The theory of representations of quivers was initiated with the purpose of classifying finite dimensional algebras of finite representation type. Gabriel in [17] and [18] gave an explicit construction of indecomposable modules over a finite dimensional algebra, and in his work, he found the connection between the Dynkin diagrams of semisimple Lie algebras and the representation theory of algebras. After this connection was found, many authors have started the study of this theory of representation of quivers.
The classical representation theory of quivers considers finite quivers and assume that the base ring is algebraically closed field and that all vector spaces involve are finite dimensional (cf. [21] ). In the recent years there has been a growing interest in the study of representations of quivers over general rings (not just fields) and this paper contains some results in this direction. In fact, it should be considered as a continuation of the projects initiated in [11] and continued in [13, 8, 9, 2] , to develop new techniques to study these more general representations.
In the first part of this paper, we recall the left and right adjoints of evaluation functors and their descriptions. We then apply them to describe injective envelopes and projective precovers of representations of finite acyclic quivers. Moreover, we describe explicitly, the terms of the minimal injective resolution of path algebra RQ, whenever Q is a finite and acyclic quiver. Based on these descriptions, among other results, we study Auslander-Gorenstein property of path algebras. To see some results on Auslander-Gorenstein property of algebras see e.g. [16, 5, 6] .
Let us be more precise. Let M be a representation of Q by left R-modules. In Theorem 3.1, we provide an explicit formula for E(M ), the injective envelope of M and P(M ), a projective precover of M . In Theorem 3.5 we extend our formula to all terms of the minimal injective resolution of RQ.
Generalized Nakayama Conjecture, GNC for short, says that each indecomposable injective module is a summand of some terms in a minimal injective resolution of an artin algebra. As a corollary, we show that if GNC is true for R, then GNC is true for RQ, where Q is a finite and acyclic quiver, see Corollary 3.9 below.
Auslander introduced the notion of k-Gorenstein algebras, see e.g. [16] . Let R be a two-sided Noetherian ring. R is called k-Gorenstein if fd(I i ) ≤ i for every 0 ≤ i ≤ k − 1, where I i denotes the ith term of the minimal injective resolution of R considered as a left R-module. Note that the notion of a k-Gorenstein ring is left-right symmetric. In Section 4, we apply our formulas to show that if Q is a finite, connected and acyclic quiver with n vertices, then the path algebra RQ is a k-Gorenstein ring if and only if Q = − → A n and R is a k-Gorenstein ring, see Theorem 4.3. Also as an interesting example, show that when we consider the category of representations of a quiver over a ring, not necessarily a field, we in fact are studying the category of representations of a quiver with relations over a field, see Example 4.5.
We also turn our attention to the tensor product of path algebras and show that if A = KQ and B = KQ ′ are path algebras with respect to finite, connected and acyclic quivers Q and Q ′ , where K is a field, then A ⊗ K B is k-Gorenstein if and only if Q and Q ′ are linear quivers. All rings considered in this paper are associative with identity. The letter R will usually denote such ring. All modules are left unitary R-modules. R-Mod will denote the category of left R-modules.
Preliminaries
In this section, for the convenience of the reader, we present definitions and results that will be used throughout the paper.
Quivers and their representations.
A quiver Q is a directed graph. It will be denoted by a quadruple Q = (V, E, s, t), where V and E are respectively the sets of vertices and arrows of Q and s, t : E → V are two maps which associate to every arrow α ∈ E its source s(α) and its target t(α), respectively. We usually denote the quiver Q = (V, E, s, t) briefly by Q = (V, E) or even simply by Q. A vertex v ∈ V is called a sink if there is no arrow α with s(α) = v. v is called a source if there is no arrow α with t(α) = v. A quiver Q is said to be finite if both V and E are finite sets. Throughout the paper we assume that Q is a finite quiver.
A path of length l 1 with source a and target b (from a to b) is a sequence of arrows α l · · · α 2 α 1 , where α i ∈ E, for all 1 ≤ i ≤ l, and we have s(α 1 ) = a, s(α i ) = t(α i−1 ) and t(α l ) = b. If p = α l · · · α 2 α 1 is a path of Q we extend the notation and let s(p) = s(α 1 ) and t(p) = t(α l ). A path of length l 1 is called a cycle if its source and target coincide. Q is called acyclic if it contains no cycles.
As Enochs et al. in [13] , we can exploit induction to build a partition for V, the set of vertices of acyclic quiver Q. Put V 0 = {v ∈ V : ∄ α ∈ E such that s(α) = v}. Suppose n ≥ 0 and we have defined
For a fixed vertex v ∈ V , the set of all w ∈ V with an arrow v −→ w will be denoted by V s(v) . Also, the set of all w ∈ V with an arrow w −→ v will be denoted by V t(v) . Similarly, E s(v) , resp. E t(v) , denotes the set of all arrows with initial, resp. terminal, vertex v.
A quiver Q can be considered as a category whose objects are the vertices of Q and morphisms are all paths in Q. Assume that R is a ring. A representation X of Q by R-modules is a covariant functor X : Q −→ R-Mod. Such a representation is determined by giving a module X v to each vertex v of Q and a homomorphism X α :
A morphism between two representations X and Y is a natural transformation. Thus the representations of a quiver Q by modules over a ring R form a category, denoted by Rep(Q, R) or (Q, R-Mod). This is a Grothendieck category with enough projectives and injectives. It is known that the category (Q, R-Mod) is equivalent to the category of modules over the path ring RQ.
2.2.
Left and right path spaces. By the (left) path space of Q, we mean the quiver P (Q) whose vertices are the paths p of Q and whose arrows are the pairs (p, αp) : p −→ αp, where p is a path of Q and α is an arrow of Q such that αp is defined. It is clear then that P (Q) is a forest. If v is a vertex of Q we let P (Q) v denote the subtree of P (Q) containing all paths of Q with initial vertex v. If p and q are paths of Q such that qp is defined, we extend the notation and let (p, qp) : p −→ qp denote a path of P (Q). If v is a vertex of Q we let P (Q) v denote the subquiver of P (Q) containing all paths of RQ with initial vertex v. For simplicity, the set of vertices of P (Q) v will be denoted by Y v . Note that there is also an obvious definition of a right path space of Q.
2.3.
Evaluation functor and its adjoints. Associated to v, there exists a functor e v : Rep(Q, R) → R-Mod, called the evaluation functor, which assigns to every representation X of Q its module at vertex v, denoted X v . It is proved in [11, 10] Remark 2.4. Based on the properties of these adjoints, one may deduce that for any projective module P ∈ Prj(R), the representation e v λ (P ) is a projective representation of Q, that is, belongs to Prj(Rep(Q, R)). In fact, the set {e v λ (P ) : P ∈ Prj(R) and v ∈ V }, is a set of projective generators for the category Rep(Q, R). On the other hand, for any injective module E ∈ Inj(R), the representation e v ρ (E) is an injective representation of Q, that is, belongs to Inj(Rep(Q, R)). In fact, the set
is a set of injective cogenerators for the category Rep(Q, R). This, in particular, implies that every representation M of Q can be embedded in a direct sum of elements of this set. The proof of these facts can be found in [8] and [9] .
Minimal Injective Resolutions of Path Algebras
In the classical representation theory of algebras over a field, to compute injective envelope and projective cover, one can use Lemma 3.2.2 in [3] . Enochs et al. in [12, Proposition 3.1] described the injective envelopes of representations of the line quivers − → A n for n ≥ 1 over an arbitrary ring. In this section, we plan to give an explicit formula for the terms of the minimal injective resolutions of path algebras. Unless otherwise specified, all quivers are finite, connected and acyclic.
Our first theorem, describes injective envelopes and projective precovers in the category Rep(Q, R) of representations of Q by left R-modules. This result also can be proved by modifying the argument used in the proof of Proposition 3.1 of [12] , where they obtained descriptions for the injective envelopes and projective precovers of representations, while Q = − → A n is the line quiver. We here present a new proof that is in line with the proof of the main theorem of this section. Throughout we use bold capital E to show the injective envelope.
Theorem 3.1. Let Q be an acyclic quiver and let M be a representation of Q by left R-modules.
is a projective precover of M , where P v is a projective precover of C v .
Proof. We only prove the first part, the proof of the second part is similar, or rather dual. To this end, we first prove that there is a monomorphism ψ : M → v∈V e v ρ (E v ). Let w be a vertex and the map ϕ w : M w → E w be the extension of embedding K w ֒→ E w . If for every p ∈ Y w , we consider the composition map
otherwise. Thus we have the following commutative diagram for every α :
Now, we show that ψ is in fact a monomorphism. Let x ∈ Ker(ψ w ). Thus ϕ t(p) (M p (x)) = 0, for every p ∈ Y w . Assume that {V 0 , V 1 , ..., V m } is a partition of vertices of the subquiver P (Q) w , that is defined in 2.2. We show that M p (x) = 0 for every p ∈ Y w , where w ∈ V . If p ∈ V 0 , then the vertex t(p) is a sink and so
By applying this argument, after finite steps, we deduce that M α (x) = 0 for every arrow α with initial vertex w. Therefore x ∈ K w and then x = ϕ w (x) = 0.
Since there is a monomorphism from M to v∈V e v ρ (E v ), the proof of this part will be completed, if we show that v∈V e
, where
To this end, it is enough to show that E(s
To prove that we have an essential embedding, we need to show that
We first show that L v = 0. For this, suppose to the contrary that L v = 0. Let w be a vertex of Q such that w = v and
As an immediate corollary, we have the following result.
Corollary 3.2. Let Q be a finite acyclic quiver. Every injective representation of Q by left R-modules can be decompose into a coproduct of representations of the form e v ρ (E), where v ∈ V and E ∈ Inj(R).
Proof. Any injective representation is its own injective envelope. Hence, by the above theorem every injective envelope has this form.
We also need the following elementary lemma. Note that for an arrow α with initial vertex w, αQ(v, w) = {αp|p ∈ Q(v, w)}. Lemma 3.3. Let Q be a finite, connected and acyclic quiver. Also, assume that V 0 is the subset of V consisting of all sinks. For every v ∈ V and w ∈ V \ V 0 choose an arrow α v,w with initial vertex w.
Proof. As before, let E s(w) denote the set of all arrows with initial vertex w. For every α ∈ E s(w) , we denote an element of Q(v,t(α)) R by the pair (z
Assume that the maps f :
=w . Now, the proof can be completed in view of the following short exact sequence
has zero kernel. Therefore, by Theorem 3.1,
is the cokernel of the natural morphism P v −→ J v,0 . Let us first compute the kernel of the natural morphism h v,1
To this end, consider the following commutative diagram with exact rows:
We know that for every path p from w to a sink x, there is an arrow α p as a part of p with initial vertex w; i.e., p = p ′ α p for some path p
w has zero kernel. Also, by [9, Proposition 2.1] this map has zero cokernel. Hence, by the Snake lemma and Lemma 3.3, we have that Ker(h
for every w ∈ V \ V 0 , where i ≥ 1 and
Consider the following commutative diagram with the exact rows: 
The proof can be now completed by induction. Motivated by the theory of commutative Noetherian Gorenstein rings, Auslander introduced the notion of k-Gorenstein algebras, see [16] . Let k be a positive integer, R be a two-sided Noetherian ring and 0 −→ R −→ I 0 −→ I 1 −→ I 2 −→ · · · be a minimal injective resolution of R viewed as a left R-module. Then R is said to be left k-Gorenstein if fd(I i ) ≤ i for every 0 ≤ i ≤ k−1. Note that the notion of a k-Gorenstein ring is left-right symmetric [16, Auslander's Theorem 3.7]; i.e, R is left k-Gorenstein if and only if R is right k-Gorenstein. Thus we just say that R is k-Gorenstein if it is either left or right k-Gorenstein. If R is k-Gorenstein for all k, then it is called an Auslander ring or sometimes an Auslander-Gorenstein ring. Furthermore R is said to be left, resp. right, quasi k-Gorenstein if fd(I i ) ≤ i + 1 for every 0 ≤ i ≤ k − 1, see [19] . Note that the notion of quasi k-Gorenstein ring is not left-right symmetric, see [6] . If R is left and right quasi k-Gorenstein, we say that R is quasi k-Gorenstein.
Corollary 3.8. Let Q be a finite and acyclic quiver. If R is k-Gorenstein, then RQ is quasi k-Gorenstein.
Proof. Without loss of generality we can assume that Q is a connected quiver. Let 0 −→ R −→ I 0 −→ I 1 −→ I 2 −→ · · · be a minimal injective resolution of R such that fd(I i ) ≤ i for every 0 ≤ i ≤ k − 1. The Standard Resolution in 3.7 easily implies that if I ∈ R-Mod is of flat dimension at most n, then e v ρ (I), as an object in Rep(Q, R), has flat dimension at most n + 1. This result follows from the fact that the first two left terms of this sequence has flat dimension at most n. Now it follows easily from Theorem 3.5 that fd( v∈V J v,i ) ≤ i + 1 for every v ∈ V and for all 0 ≤ i ≤ k − 1.
In [28] Nakayama proposed a conjecture, which by results of Muller [27] is equivalent to the following: Let R be a finite dimensional algebra over a field K and let 0 −→ R −→ I 0 −→ I 1 −→ I 2 −→ · · · be a minimal injective resolution of R as a left R-module. If all the I i are projective, then R is self-injective. Later Auslander and Reiten in [4] proposed a generalized version of this conjecture which is called Generalized Nakayama Conjecture or for simplicity GNC. This conjecture says that each indecomposable injective module is a summand of some terms in a minimal injective resolution of an artin algebra. In the following corollary we show that If GNC is true for R, then GNC is true for RQ, where Q is a finite and acyclic quiver.
Corollary 3.9. Let Q be a finite and acyclic quiver. If GNC is true for R, then GNC is true for RQ.
Proof. Without loss of generality we can assume that Q is a connected quiver. Let 0 −→ R −→ I 0 −→ I 1 −→ I 2 −→ · · · be a minimal injective resolution of R. By assumption, every indecomposable injective module appears as a summand of some I n . Note that every indecomposable injective RQ-module is of the form e 
Auslander-Gorenstein Property of Path Algebras
It was proved by Iwanaga and Wakamatsu in [20, Theorem 8] that a left and right Artinian ring R is a k-Gorenstein ring if and only if so is the lower triangular matrix ring T n (R) of degree n over R. Observe that this is a generalization of [16, Theorem 3.10] , where the case n = 2 was established. In this section, we study the k-Gorensteiness of RQ, where Q is a finite, connected and acyclic quiver. We know that when Q is a linear quiver − → A n , the algebra RQ is isomorphic to the lower triangular matrix ring of degree n over R. Lemma 4.1. Let Q = − → A n and R be a k-Gorenstein ring for some positive integer k. Then RQ is a k-Gorenstein ring.
On the other hand, by Example 3.6, we know that
Therefore, the path algebra RQ is a k-Gorenstein ring.
Lemma 4.2. Let Q be a finite, connected and acyclic quiver with n vertices. If the path algebra RQ is a k-Gorenstein ring, then Q is the linear quiver − → A n and R is k-Gorenstein.
Proof. We first show that Q is a linear quiver − → A n . To this end, suppose to the contrary that Q = − → A n . Thus, there is a vertex v in Q such that |E t(v) | > 1 or |E s(v) | > 1; i.e., there exist more than one arrows ending at v or begining at v. In the case |E t(v) | > 1, assume that α 1 , · · · , α m are all the arrows with terminal vertex v, where m is an integer more than 1. Also suppose that s(α i ) = v i for every i = 1, ..., m. Since Q is a connected and acyclic quiver, there is a sink vertex w ∈ V 0 such that Q(v, w) = ∅. Thus we can consider the following diagram as a part of quiver Q.
We know that for a vertex x, e w λ (R) x = Q(w,x) R is R if x = w and is zero otherwise. Also, for every module I, e Now consider the case where |E s(v) | > 1. In view of the above argument, we may assume that |E t(w) | ≤ 1 for every vertex w; i.e., for every vertex w in Q there is at most one arrow with terminal vertex w. We show that in this case, e x ρ (I) is not flat, for every non-zero R-module I and every x ∈ V . This contradicts the fact that RQ is k-Gorenstein. In this case, assume that α 1 , · · · , α m are all the arrows with initial vertex v, where m is an integer more than 1. Also, suppose that s(α i ) = v i for every i = 1, ..., m. Thus, we can consider the following diagram as a part of quiver
We need to consider the following two cases:
Since for every vertex w in Q there is at most one arrow with terminal vertex w, we can conclude that |Q(v, x)| = 1. Hence, we can assume that Q(v, x) = {p} for some path p with initial vertex v and terminal vertex x. Therefore, there is an integer i such that 1 ≤ i ≤ m and α i is a part of the path p. Thus, for every j = i there is no path from v j to x. Clearly the natural morphism t(α)=vj e 
as a minimal injective resolution of RQ. We consider the following two cases: (i) Q = − → A n . By Lemma 4.2, J 0 is not projective and hence dom.dim RQ = 0. (ii) Q = − → A n . By Example 3.6, we know that Observe that one of the advantage of working in the the category of representations, with value in the category of R-modules when R is an arbitrary ring (not only field) is to study the category of representations of a quiver Q with relations over a field. The following example is devoted to this and shows the power of Theorem 4.3.
Let us first recall briefly the notion of quivers with relations. Let Q be an arbitrary quiver. A relation in Q with coefficients in R is an R-linear combination of paths of length at least two having the same source and target. A relation usually is denoted by ρ = m i=1 r i γ i , where r i ∈ R and γ i are paths of Q of length at least 2 having a common source and a common target.
If I is a set of relations for a quiver Q such that the ideal it generates I contains all paths of length at least m for some positive integer m ≥ 2, then I is called admissible.
Let . Now, by our results, it is easily seen that RQ ′ is an Auslander ring and dom.dim RQ ′ = 1. (ii) As another example, assume that R is the K-algebra given by the quiver
. Now, by our results, it is easily seen that R ′ Q ′ is not 1-Gorenstein and dom.dim R ′ Q ′ = 0. Also one can easily get a minimal injective resolution for R ′ Q ′ .
4.1.
Auslander-Gorenstein Property of Tensor Product of Path Algebras. This subsection is devoted to tensor product of path algebras. For quivers Q and Q ′ we define the tensor product quiver
, t(a, β) = (a, t(β)), s(α, b) = (s(α), b), and s(a, β) = (a, s(β)) for all a ∈ Q 0 , b ∈ Q ′ 0 , α ∈ Q 1 , and β ∈ Q ′ 1 . Now let K be a field and I (resp. I ′ ) be a set of relations in Q (resp. Q ′ ). It is proved in [22, Lemma 1.3] that there is a K-algebra isomorphism KQ/I ⊗ K KQ ′ /I ′ ∼ = K(Q ⊗ Q ′ )/I I ′ , where I = I , I ′ = I ′ , and I I ′ is an ideal of K(Q ⊗ Q ′ ) generated by the set I I ′ consisting of (Q 0 × I ′ ) ∪ (I × Q 
